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» First project reports have to be sent by tomorrow! Please send directly to your supervisor.
And cc Timo ©

Agenda for today:
- Prefix scan
- Homework
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) {
for(int i=0; i<n; ++i)
sum += arr[i];

}
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) {
for(int i=0; i<n; ++i) for(int i=1; i<n; i++)
sum += arr[i]; if(ali]<a[0]) a[0] = ali];

} }
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)

for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;

sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;

}
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)
for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;
sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;
}

= |nsert sort

= Prefix sum on an array

= Dense Cholesky decomposition (A = LL")
= Gradient descent

= Model checking: exhaustive verification
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each p e
set of memory locations read and the set of r are
determined by the input size and are indeper

5 4
44 38 47 15 36 26 27 2 46 19 50 48
int reduce(int n, arr[n]) { int findmin(int
for(int i=0; i<n; ++i) for(int i=1; i<r
sum += arr[i]; if(ali]<a[0]) a )
} }

= |nsert sort

= Prefix sum on an array

= Dense Cholesky decomposition (A = LL")
= Gradient descent

= Model checking: exhaustive verification
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)
for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;
sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;
}

" Insertsort NO. Memory locations and instructions depend on data distribution.
= Prefix sum on an array

= Dense Cholesky decomposition (A = LL")

= @Gradient descent

= Model checking: exhaustive verification
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)
for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;
sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;
}

" Insertsort NO. Memory locations and instructions depend on data distribution.
= Prefix sum on an array YES.

= Dense Cholesky decomposition (A = LL")

= @Gradient descent

= Model checking: exhaustive verification
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Algorithm: A := CHoL_UNB_vVARL(A)

Recap: oblivious algorithms T
* |Apr
where App is0x 0
“An algorithm is data-oblivious if, for each problem size, the s| ¥hile m(Ar.) <m(4) do , the
set of memory locations read and the set of memory locations\| repartition on are
determined by the input size and are independent of the values A | Ars Aoo Jaos | Aoz
— * faii|al
* IABR * il A1222
where «q7 is a scalar
int reduce(int n, arr[n]) { int findmin(int n, a[n]) { ir] o ::AETOT“'OlT (Trsv)
for(int i=0; i<n; ++i) for(int i=1; i<n; i++) z“i “1;_”‘01“01 (Do)
sum += arr[i]; if(ali]<a[0]) a[0] = ali]; v ULL)
} } Continue with

Ano|ao1 | Aoz
Apr | Arg T
} - IA — * |11,

BER * * Agz

endwhile

. Insert Sort NO. Memory Iocationsml|u"|l‘|.)|:|'u‘\:u0||‘a vuCplinu Uil vdilu vidu nJution.
= Prefix sum on an array YES.

= Dense Cholesky decomposition (A = LL")

= Gradient descent

= Model checking: exhaustive verification
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)

for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;

sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;

}

" Insertsort NO. Memory locations and instructions depend on data distribution.
= Prefix sum on an array YES.
= Dense Cholesky decomposition (A = LL") YES.

= Gradient descent
= Model checking: exhaustive verification
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)

for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;

sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;

}

" Insertsort NO. Memory locations and instructions depend on data distribution.
= Prefix sum on an array YES.
= Dense Cholesky decomposition (A = LL") YES.
= Gradient descent NO. Stopping condition depends on numerical result.

= Model checking: exhaustive verification
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Recap: oblivious algorithms

“An algorithm is data-oblivious if, for each problem size, the sequence of instructions executed, the
set of memory locations read and the set of memory locations written by each executed instruction are
determined by the input size and are independent of the values of the other inputs”

int reduce(int n, arr[n]) { int findmin(int n, a[n]) { int finditem(list_t list)
for(int i=0; i<n; ++i) for(int i=1; i<n; i++) item = list.head;
sum += arr[i]; if(ali]<a[0]) a[0] = ali]; while(item.value!=0 && item.next!=NULL)
} } item=item.next;
}

" Insertsort NO. Memory locations and instructions depend on data distribution.

= Prefix sum on an array YES.
* Dense Cholesky decomposition (A = LLT) YES.
= Gradient descent NO. Stopping condition depends on numerical result.

= Model checking: exhaustive verification NO. Counterexample position depends on model.
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Prefix scan

24

Known as “scan”, “prefix scan”, “prefix sum”

Whn)=n-1
D(n)=n-1
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Exclusive scan

/ I’'m no longer needed ®

Neutral element

\O 5 6 9‘13 15

How to make an exclusive scan from an inclusive?
How to make an inclusive scan from an exclusive one?
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Blelloch (tree-based) scan

procedure down-sweep(A)
aln—1] <0 % Set the identity
for d from (lgn) — 1 downto 0
in parallel for i from 0 to n —1 by 2¢*!
t« ali + 2% —1] % Save in temporary
ali + 2% — 1] « ali + 24+t — 1] % Set left child
ali +291 — 1] « t +ali +2971 —1] % Set right child

Step Vector in Memory

0 [[3] [3]]
uwp 1 E 7 4 6 [9]]

2 (3 4 7 [1I] 4 5 6 [14]]

3 3 4 7 11 4 5 6 25] |
clear 4 [3 4 7 11 4 5 6 [0]]
down 5 [3 4 7 4 5 6 11]]

6 (3 [o] 7 4 11 6 16] ]

7 [[0] 11] [11] [15] [16] [22]]

G. Blelloch, “Prefix Sums and Their Applications”  (b) Executing a +-prescan on a PRAM.
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Blelloch (tree-based) scan

procedure down-sweep(A)
aln—1] <0 % Set the identity
for d from (lgn) —1 downto 0
in parallel for i from 0 to n —1 by 2¢*!
t« ali + 2% —1] % Save in temporary
ali + 2% — 1] « ali + 24+t — 1] % Set left child
ali +291 — 1] « t +ali +2971 —1] % Set right child

Step Vector in Memory

0 3] [0] Downsweep
up 1 [3 7 4 6 uses

2 [ 3 4 7 11 4 5 6 a) aggregated

3 [3 4 7 11 4 5 6 result b) last

left child result

clear 4 [3 4 7 11 4 5
down 5 (3 4 7 0] 4 5

6 (3 [o] 7 4 11

7 [[0] 11 11 15 16

G. Blelloch, “Prefix Sums and Their Applications”  (b) Executing a +-prescan on a PRAM.
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|l adner-Fischer scan

Xis Xjqg Xp3 X2 Xpp Xjo X9 Xg X7 Xg Xs Xyg X3 A2 Xp Xy
Efficient work for any
depth D(n) =log(n) + k

I I —
I
Si5 Siqg Si3 S22 851 S0 S Sg S7 S S5 Sy S35 8N 8o

N. Abbas et al., “Accelerating HMMER on FPGA using parallel prefixes and reductions”
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|l adner-Fischer scan

Xis Xig4 Xjz Xj2 Xpp Xjo X9 Xg
Efficient work for any
depth D(n) =log(n) + k

Si5 Siqg Si3 S22 851 S0 S Sg S7 S S5 Sy S35 8N 8o

N. Abbas et al., “Accelerating HMMER on FPGA using parallel prefixes and reductions”
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|l adner-Fischer scan

Xis Xig4 Xjz Xj2 Xpp Xjo X9 Xg
Efficient work for any
depth D(n) =log(n) + k

Si5 Siqg Si3 S22 851 S0 S Sg S7 S S5 Sy S35 8N 8o

N. Abbas et al., “Accelerating HMMER on FPGA using parallel prefixes and reductions”
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|l adner-Fischer scan

Xis Xig4 Xjz Xj2 Xpp Xjo X9 Xg
Efficient work for any
depth D(n) =log(n) + k

Broadcast
Si5 Siqg Si3 S22 851 S0 S Sg S7 S S5 Sy S35 8N 8o

N. Abbas et al., “Accelerating HMMER on FPGA using parallel prefixes and reductions”
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Parallel scan
What if p <<n ?

1. Buy more processors? log(n) runtime ®
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Parallel scan
Whatifp<<n?

1. Buy more processors? log(n) runtime ®

2. Run multiple iterations?
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Parallel scan
Whatifp<<n?

1. Buy more processors? log(n) runtime ®
2. Run multiple iterations?

3. Split work and minimize global exchange to log(p) ©
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Parallel scan
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Parallel scan

Local Phase
Reduce

ﬂ é ﬁ Prefix Scan

Operator
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Parallel scan

Local Phase
Reduce

Prefix Scan
Operator

Global Phase
Prefix Scan
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Parallel scan

Local Phase
Reduce

Prefix Scan
Operator

Global Phase
Prefix Scan

Local Phase
Prefix Scan
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Parallel scan

Local Phase
Reduce

Prefix Scan

Operator
Scan—then—reduce
also possible!
Global Phase
Which one is better? Prefix Scan

Local Phase
Prefix Scan
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Scan in message passmg

Pipelined binary tree — split message of size n into k packets.

@ [0..I-1] @ [0.]]

PE[ j-1] PE[j+1.1]
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Scan in message passmg

Pipelined binary tree — split message of size n into k packets.
I

/ Communication time dominates for simple operators! \
(2 10g2 D — 2)(Tstart + 1 % Tbyte)
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Scan in message passmg

Pipelined binary tree — split message of size n into k packets.
I

/ Communication time dominates for simple operators! \
(2 10g2 D — 2)(Tstart + 1 % Tbyte)

n
(4 * 10g2 p—2+ 6(k — 1))(Tstart T E * Tbyte)

AL /

| [ r
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Parallel filter

Given an array, produce an array containing only elements for which predicate is true.

input [17, 4, 6, 8, 11, 5, 13, 19, 0, 24]
f(e): true if e > 10

output [17, 11, 13, 19, 24]

Can we parallelize that?
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Parallel filter

input [17, 4, 6, 8, 11, 5, 13, 19, 0, 24]

« Parallel map with filter f /

bits [1, O, O, O, 1, O, 1, 1, O, 1]

« Parallel prefix sum on bit vector / D(n) = log(n)
5]

bitsum [1, 1, 1, 1, 2, 2, 3, 4, 4,

D(n)=1

« Parallel map with filter output [17, 11, 13, 19, 24] \
D(n)=1

def f(i):

if bitsum[i]:
output[bitsumli -1]] = input[i]

wiki.rice.edu/confluence/download/attachments/4435861/comp322-s18-lec37-slides-v1.pdf
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Parallel lexical analysis

=
INPUT | ( f o o |space| 4 " S ] )

Whitespace \
character
token
Identifier

A Q N

\ z - Q N

Character token = V4 . Q N
—-1 Al | @] N

. Qf S S E S

Quote strings » sl s S E N
eE{ el - { s | N

Finite-State Machine
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<
<
N
S
%
E
=
S
wv

White
Space

Z2Z22Z0NWZZ

Quote

letar ] character

Parallel lexical analysis

Map appropriate transition for each character

a a hn =

Tt

AV QSE

\| oo
o=

VOO MWW
tTrrTtrt
2L Ne Qi

LN NZL NV L

TTrTITIYTIY

Z<C<N* OV

ﬂv

ols Jo o FNFANY)
rtTtTtrert
=l tde On W

B

crreunes B QO
4lrrrtrrr H O
Za N Oww B -]

1 o

1 77]

—

«

1

Mw ZZ22ZN0NZ K~
GlrTr111111 =
Q vt
mlZz<Nes onw E -
v g o
g

| Q

O

LN NZ Y
L e O |
ZL NN VW

NNV W
TTTTTITTY

Z2LNe O w

oL NN L N
G| TTTETTT
ln..w.fnﬂal Oowm w

L

- & ¢ « N =

TrTrTrr?

ZLNs QOwmd

column 1 of figure 2

“s’")" has been initialised.

(foo+

+

The state of the processors after the input

.

Fig. 3
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Compose transitigns: a — B and B — y produces a — y

Parallel lexical analysis
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Parallel lexical analysis

Parallel prefix sum! |/£\/ *
( ) i\ o 0 <space> + " S " )
] N - N oA N =7 N~ 2 N =N N - N - Q N—=S N-E N =
Ao A—.;\ A=z A2 A~ . A - E -
Last value is FSM state SR TEEIIN BRI IRt e TS AwQ | Aos i | LB
. . . L, | LI L L 4 LIy L} L. . o L .
after reading the entire input  o-~s §io3s Qs Q=S Qs Qs e QA oo ez
S8 S 8 S =5 S =S S =85 S 25 S = E S = A S -Q S ~
E o E =1 E =22 E -2 E =N E = E-=Q E =5 E¢E -

m
s =

| During the fourth and final iteration, the last processor will
f| combine its contents with the processor eight places to its left.

Fig. 5. The fourth and final iteration of the parallel prefix technique.

INPUT (| flolo 5P|l 4| " | s| " |)

Result State A y4 Z N * Q S E *
Single "A’ denotes the start of a identiier | g Single Q' and 'E'dencte the start& endofa |  Single

Comment char. foken , and Z' corresponds to the n, char quotes token, & S denotes the char
token continuation of that token Feo| foken sentence within the quotes token

“Parallel lexical analysis and parsing on the AMT distributed array processor." Parallel computing 18.6 (1992)
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Radix sort

» ldea: split keys into multiple digits according to the radix

101 | 111 | 010 | 011 | 110 | OO1




spcl.inf.ethz.ch oo o
venien  ETHZzUrich

Radix sort

» ldea: split keys into multiple digits according to the radix

101 | 111 | 010 | 011 ‘ 110 | 001

* In each iteration sort according to a single digit.

101 | 111 | 010 | 011 ‘ 110 | 001
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Radix sort

» ldea: split keys into multiple digits according to the radix

101 | 111 | 010 | 011 ‘ 110 | 001

* In each iteration sort according to a single digit.

101 | 111 | 010 | 011 ‘ 110 | 001

/

010 | 110
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Radix sort

» ldea: split keys into multiple digits according to the radix

101 | 111 | 010 | 011 ‘ 110 | 001

* In each iteration sort according to a single digit.

101 | 111 | 010 | 011 ‘ 110 | 001

ISR

010 | 110 | 101 | 111 ‘ 011 | 001
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Radix sort

» ldea: split keys into multiple digits according to the radix

* In each iteration sort according to a single digit.

« Stability (preserver the order inside group) + process each digit => full sort!

101 | 111 | 010 | 011 ‘ 110 | 001
101 | 111 | 010 | 011 ‘ 110 | 001
010 | 110 | 101 | 111 | O11 | OO1

101

001

001

010

010

011

110

101

111

110

011

111

y@spcl_ eth

ETHzurich



Radix sort

» ldea: split keys into multiple digits according to the radix

* In each iteration sort according to a single digit.

« Stability (preserver the order inside group) + process each digit => full sort!

101 | 111 | 010 | 011 ‘ 110 | 001
101 | 111 | 010 | 011 ‘ 110 | 001
010 | 110 | 101 | 111 | O11 | OO1

101

001

001

010

010

011

110

101

111

110

011

111

Ilter O

spcl.inf.ethz.ch
,@spcl_ eth

ETHzurich

k digits

lter 1 / k iterations

Ilter 2
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Radix sort

010

011 ‘ 110

|
1
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Radix sort 101 | 111 | 010 | o1 ‘ 110 | 001
N 4 4
1 1 0 1 0 1
1. Build k-element histogram of each digit.
k digits
Digit 0 1 k elements

—

Count 2 A
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Radix sort 101 | 111 | 010 | o1 ‘ 110 | 001
N 4 4
1 1 0 1 0 1
1. Build k-element histogram of each digit.
k digits
Digit 0 1 k elements

—

Count 2 4

2. Exclusive prefix scan on histogram
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Radix sort 101 | 111 | 010 | o1 ‘ 110 | 001
N 4 4
1 1 0 1 0 1
1. Build k-element histogram of each digit.
k digits
Digit 0 1 k elements

—

Count 2 4

2. Exclusive prefix scan on histogram

3. Exclusive prefix scan on each group of digits

FELEL
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Radix sort 101 | 111 | 010 | o1 ‘ 110 | oo1
W W W P
1 1 0 1 0 1
1. Build k-element histogram of each digit.
k digits
Digit 0 1 k elements
Count 2 4 / 4. Summarize to get new indices
2. Exclusive prefix scan on histogram r0+2 r1+2 0+0 r2+2 140 r3+2
0 1
0 2

3. Exclusive prefix scan on each group of digits

FELEL
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Image Regqistration

Electron microscopy frame The image after deformation (magnification).

fO f25 ) ¢0,25
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Image Registration




urich

<
<
N
S
%
E
=
S
*

ETH -

y@spcl_ eth

Image Registration

25

| to compute

... Stable

IVia

Not every prefix scan problem is...
... perfectly associative

... tr

AT 1=
{.L‘iﬂr\(r‘r\
L oren
.r{qr.ﬁﬂl\_\ [~ et
-8, e
Aa.‘..ﬂnw,vr./ﬁ\\\

IRA L
..'.!f‘\ i
OO
A e =
DI ISR
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Llnked list prefix scan

Recap: breaking symmetry
« We can run parallel computation on independent sets. How to find them?

* |ntroduce randomness to create local differences!
« Each node tossesacoin 2> 0or1l
 Let I be the set of nodes such that v drew 1 and v. next drew O!
* What is the probability that v € I?
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Recap: breaking symmetry
« We can run parallel computation on independent sets. How to find them?

* |ntroduce randomness to create local differences!
« Each node tossesacoin 2> 0or1l
 Let I be the set of nodes such that v drew 1 and v. next drew O!
* What is the probability that v € I?
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Linked list prefix scan - upward
PO P1 P2 P3 P4
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Llnked list prefix scan - downward
PO P1 P2 P3 P4
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