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Amdahl 's Law C 1567 ) Gene Amdahl ( 1922-2015 )
computer architect I entrepreneur

A
program runs In time T

,
on

one processor .

A fraction  f ,
o e feel ,

Pessimistic :

of  it is sequential .

Let Tp de

the runtime on p processors .

Then a.) AL fixes the problem she
,

Sat

more processors usually means

Tp > "-fp t f T
, larger problems .

Take this Into

picture T
,

: t¥Ty
account : T

,
Cal

, feat ,
. . .

Gustafson 's Lao ( 1988 )
speedup : Sp I ¥p E ¥Ff

saw ) s ¥ , If a if ful -20

efficiency : Ep = SPI E tftfp
i.e

.  if sequential part -30 for layer
p → a : To z ft ,

Terms :

Sy E ft - strong scaling : behavior of Spen)
for fixed u  and p - so

Ey = O if ft O

- weak scaling : behavior  of Spca )
Is Amdahl 's Law  optimistic or for n

, p → a

pessimistic ?



b.) AL assumes that Sy increasing p Optimistic
all other resources stay the same

.

If this is not the case
, super linear a.) Ignores overhead of parallelization

speedup is possible : e
. g .

Ce
. g . creating threads ) which
increases with p .

- deka caches scale : working set

suddenly fits into cache
, e.g . b.) Assumes perfect load

Salan cry .

- memory Saadat Ith scales : Tcu )

p
-
- 2 threads may have twee So  in reality ; Spca ) e

-

Tp Cult Apc )
the bandwidth n

Overhead I
For example :

c.) Programs often have no

men men sequential on  infinitely
parallelized part

.
Example :

pH : L2 p - -2 :

is • → • → • → •

4
•

→ • → • → • → •
⇒ •

Cpu

Fo - His are need Setter models
that Lake graph structure
into account

.



2. PRAM model

Examples :

Computer :

all processors can

a)
Reduction : X. tat .

- they
men access memory

in unit time sequential : wht

•
( u )

processors
01

. - - & D (a) =

@
Cu )

P , Pp

Program : DAG C directed aeydiegnopg)
9T ' Pan : ° ( l )

in x. → o→ . . .

→ o

↳of nodes : unit time ops T P 4
Mst edges : dependencies

× ' a xn . n••yd ↳ sin any tree : wcnlz• Cu )•• W( a) = # nodes ( work ) �1� (a) =a( bgu )
1 1

out �1� ( n )= longest path
from in to out

any , par ? OCu/1oyu )
Cdepth , span )

×°

\•
average parallelism : wcn )/D(n )

× ' - -
°

Xz go
/

-
t 3 e

, .
-

-
- /

:
-

Xu -1



s ) Heyes out : L list of length u Wen ) = ②Calugu )

south ) Dcu ) = ICE ) t -047=-04 )

if length Cc ) =L return L
avg . par . 0 Clog is )

L
,

= So - A C left CL ) )
↳ = sort C rightly ) Note : parallel merge exists
return merge Cci

, ca ) ⇒ she be Dcu )

c)Sean :

input : L = Ceo
,

- - .

, tu - I ) output : ( o
,

Xo
,

tote , ,
.  -

- -

,
tot - - -

th - z )

sequential , Wen ) = Dcu ) = ① Cw )

seen CL )
if length CL ) a I return C o ) While WC E) t -061204 )

sums = Cxotx , , . - -
-

, Xu - zt Xu - r )
evens z Scan C sums ) Dcu ) - DCE ) + ① G) =

odds = ( every Ei ] t Xz ,
I i -

- O .  .
TE - M a ⑤ Cheju )

return interleave cereus
,

odds )
ay . per O Culhgn )

parallel =

scan EL )
if lefts Ch ) =L return Co )
Sums = ( tote , ,

.
.  - th - z #Xu - , )

every z Sean C sums )
odds a levers oi3txi2i ]



Reasoning in PRAM
proof  of Buena 's lemma

Given a BAG with Wen ) weeks
and Dcu ) depth .

Ideas . dine de DAS into levels

#
time

Sequential runtime Tcu ) -
- Wcw ) e ,

o o o s
, ops 5%7#

Time on a processors ? Tycu ) = Dcu ) TIP)
'

 
: .

.  - . - -

- :
."

p u Tulu )z ? =
l ,

0 O 0 O s
, ops Isps)

Tp Cu ) I Den )
,

Wen ) Ip -

Tp Cw ) I Dcu ) t Cwcu ) - Dcu ) ) Ip
F- Wops

[ Drews 's Lennon C 1874 ) Tph ) s TIME sift
in Summary .

'

= tp Wen ) t PII Icu )
WGHP as Tpcnlswlwllpt Dcu )

= ① cu , +
wcnl-D

( compare to Amdahl 's law ) p

a- Dealt Wen ) Ip



Speedups : 3
. a- A Model

Sp Cn ) = T.cn ) / Tp ( n ) II -7 II How by does it

lateneya fake to send a

Sph ) < Wcn )1DCn )
,

< p
sandaidth B

message of size n ?
units :

Sph ) Zw±sjp+÷ T.IT#n,
a Eyeless , p Euniblcycle ]

Intuition :

fycn ) =
WI

yp
D Cn ) F--

← send 1 unit

so :  if u is fixed then speedup f 1-7-7
is limited ; for  u  → a 1-7

speedup can Je unsounded
"

- .  .
.  .

l -

Example = tree reduction -
-

a

:
) 7iog→÷FIFTY

total Line Tcu )

Tcu ) = up + a



4. Little 's Law John Little ( 1528 - )
,

Professor MIT

In a fdadueles
,

on avenge little 's Law : Given a
-

stable system ( input rate

- every minutes 2 customers = output rate )
enter and leave N= # things

- every customer spends in system
8 minutes in the stone

TuftB - A
Now many people are inside ? thing , entry things leary

unit time unit Nine
2.8 = 16 -

a units of
h your wine cellar

, onamia time in s > stem

- there are 600 Soltles Then : n= xp
*  you drink and buy 50 fyean Visualization :

How by is every bottle in
p= , {FLEET 14=12

the cellar ? →
-

600150 = 12 -
2=4

Seems trivial Sat crucial is

independence of 1/0 distribution



Example : Menon > System

a-111 ← latency x throughput = concurrency ( sites in flight )1¥
p p

halves ) doubles /
Syeas 3 years

-

x4 every 8 years → makes case for
parallel processing

DBEIntel Gne 2 ( 2006 ) :

D=
2 Jytes Kyle x= 100 A Kyle 200

Intel Haswell ( 2014 ) :
D=23 2=63 1450

( Oct - cone )



5. Roofline Model ( Williams et al
. 2008 )

resources in a microarchitecture associated program
that found performance ! features

• peak performance F tfbnskycle ] • work W [ flops ]
• memory Sanelarelth B esytyleyche ] • detertransferred cache a men Q Estes ]

for a given problem :  min W
= work Hime coupled Ly

min Q = 110 aplenty

Operational intensity I : Given a program ,
assume

empty Cade :

Icu ) . Wcw )|QCu )
lnturtdou : higs I a compute Sound

low I ←> memory sound
Icu )

Example : vector Sun y=xty OCD
asymptotic founds matrix . vector product y=A× OG )

on I fast Fourier transform Ocloju )
matrix - matrix product C=AB Ocu )



Operational Intensity : Example Mahir Multiplication

Assumptions : cache

siugkn
,

cache 86ek=8 doubles
,

leade

We want to estimate Q
.

W=2u3 flops

1.) Triple loop : : 8lb
,

35
'

Er

/

•

2) Blocked

-1
.

tF÷#*%
" (

a B Ca AD A
'

B ⇐ AD

1. entry of C : ut8n doubles 1. Slack of C: 2ns doubles

2. end > ofc : same 2. sleek of C : same

o  a  o  to  a o  o  o  8

total : Sis doubles total : 2ns . ftp.2yddoushs
Ica ) = OC i ) bzff ⇒ Icik @City )



Back to roofline model :

Computer : Program :

men Is WIQ tfbpslbyte ]
bandwidth A

LLC tisyteslcyele ] T = runtime Te > des ]

CPU peace perf . it P= WIT C performance ) tfbpskyek ]
tfbpslcyclet

Roofline plot : C example 5=2
,

A -

- 4)

Ptfbpskyde ] sound jasedenpfpz PI ) reason : # =ww=¥EB
^

SIND

Sound I I Pst ) Pz f. I
2-

'

. ⇒ log Pe legit leg A
\ -

.

'h - I
× ← program Iet ⇒ P E A

-

-

run on Some

÷f TIS input
' i l I l 3 I I flops IS > Lif

' 1442I 2




