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 Final presentations on Monday 17/12

 Send slides by Sunday 16/11 11:59pm CH time! 

 PDF or PowerPoint 

 10min/team (8min talk + 2min Q&A)
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Administrativia
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 DAG with:

 Input vertices (no predecessors)

 Output vertices (no successors)

 Initial state: blue pebbles on the input vertices

 Final state: blue pebbles on the output vertices
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Red-Blue Pebble Game
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 R1: (Input) A red pebble may be placed on any vertex that has a blue pebble.

 R2: (Output) A blue pebble may be placed on any vertex that has a red pebble.

 R3: (Compute) If all the immediate predecessors of a vertex have red pebbles, a red pebble may 

be placed on that vertex.

 R4: (Delete) A pebble (red or blue) may be removed from any vertex.
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Red-Blue Pebble GameJia-Wei, Hong, and Hsiang-Tsung Kung. "I/O complexity: The red-blue pebble game." Proceedings of the thirteenth annual ACM symposium on 

Theory of computing. ACM, 1981.

Red-Blue Pebble Game

Transition: ordered pair of configurations (C1, 

C2). C2 follows from C1 according to one of the 

above rules.

Calculation: sequence of configurations, each successive 

pair of which form a transition. 

Complete calculation: calculation starting with the initial

configuration and ending with the final one.
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 Can model a two-level memory layout

 Blue pebbles: slow memory

 Red pebbles: fast memory

 Vertices represent operations and their result

 An edge means that the result of an operation is the operand of another

 An operation can be performed only if all of its operands are in fast memory

 R1: get an operand from slow memory to fast memory

 R2: store the result from fast memory to slow memory

 R3: perform the operation and store the result in fast memory

 R4: free memory location in slow or fast memory

 Maximum number of blue or red pebbles represents the size of the slow or fast memory,

respectively.
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Red-Blue Pebble Game: I/O complexity
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 Assume: 

 Slow memory is infinite (number of blue pebbles not limited)

 Size of the fast memory is S: at most S red pebbles on the graph at any time!

 I/O time: minimum number of transitions according to R1 or R2 required by any complete 

calculation.

 Finding this is PSPACE-complete!

 Can be bounded by partitiongs and covering schemes of the DAG (e.g., S-Partitioning).
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Red-Blue Pebble Game: I/O complexity
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Red-Blue Pebble Game

I/O transfers: 0

S = 2
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Red-Blue Pebble Game

I/O transfers: 2

S = 2
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 Given a matrix-vector multiplication between a NxN matrix and a N vector, define a DAG for 

the computation when N=2 and S=5. What is the minimum number of I/O transfers you can 

find?
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Exercise
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a x c b y d

ax cx by dy

ax+b

y

cx+d
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S = 5
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 Same as before but with S=4.
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 Same as before but with S=3.
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